Introduction
Wavelets are receiving increased attention not only as a mechanism for constructing lter banks or compressing data, but as a natural basis for multilevel schemes for solving PDEs. Several papers in recent years have described the use of wavelet basis functions in solving PDEs, for example Amaratunga et al. 1 Wavelet basis functions have many properties that make them desirable as a basis for a Galerkin approach to solving PDEs: they are orthonormal, with compact support, and their connection coe cients (that is, integrals of products of basis functions, with or without derivatives) can be computed 6]. However, these properties rely on the assumption that the PDE is periodic in the computational domain (which is equivalent to the assumption that the domain is unbounded), and do not all carry over when the domain of the PDE is bounded. Orthogonality, for example, is lost when the basis functions are truncated at a boundary because the domain of integration is a nite interval.
Approaches that assume periodicity complicate the treatment of boundary conditions for PDEs in a nite domain. In a Galerkin formulation, the discretized form of the equation involves connection coe cients on bounded intervals. We call these proper connection coe cients, since they involve proper integrals. The usual connection coe cients computed in Latto et al. with a doubly in nite domain of integration will be called improper connection coe cients. Note that when the support of the integrand lies entirely within the interior of the computational domain, corresponding proper and improper connection coe cients are equal.
The highly oscillatory nature of wavelet basis functions makes standard numerical quadrature for computing connection coe cients impractical. Latto et al. circumvent this problem for improper connection coe cients by exploiting properties of the wavelet basis functions to derive a linear system of equations whose solution has as its components the exact improper connection coe cients.
As far as we know, no one has previously devised a method for computing proper connection coe cients. As a result, the natural inner product for Galerkin solution of boundary value problems has been unavailable, and researchers have been restricted to more indirect means of resolving the boundary, e.g., the capacitance matrix method of Proskurowski The paper is organized as follows. Section 2 presents background and notation. Section 3 describes our technique for computing proper connection coe cients. In section 4, we use our technique to solve a simple one-dimensional di erential equation with Dirichlet boundary conditions. Section 5 provides a few concluding remarks.
Background and Notation
The rst step in developing a basis is to de ne the underlying scale function. The scale function satis es the recursive dilation equation
where N is an even integer no smaller than two and fa k g are the lter coe cients. Three-term proper connection coe cients are de ned by
k (x)dx and similar de nitions apply for higher numbers of terms. In the two-term case we can restrict our attention to proper connection coe cients for which either 2 ? N i; j ?1, or 1 i; j N ? 2. All others are either zero, or are equivalent to some improper connection coe cient. Similarly, for the three-term case we restrict our attention to proper connection coe cients for which either 2 ? N i; j; k ?1, or 1 i; j; k N ? 2. Note that the integrals can no longer be shifted to reduce the total number of distinct proper connection coe cients by assigning a zero shift to the rst term.
Moreover, the truncation of a basis function is not arbitrary, but occurs at one of the dyadic points (i=2 m ) in the given resolution. Equivalently, the truncation occurs at an integer value at the resolution of the scale function. The interval of integration ( 0, N ? 1]) combined with all possible integer shifts cover all possible truncations at integer points of shifted products of the scale function.
Computing Proper Connection Coe cients
We illustrate our technique by computing the three-term proper connection coefcients. The same technique is easily applied to the two-term proper connection coe cients. Our approach is based on suitable modi cations of the scaling equations, moment equations, and the normalization equation, described in Latto, et Again, some of the entries on the right hand side of (3.6) are equal to improper connection coe cients, and hence can be moved to the other side. Others can be eliminated via the identity (3.1). 
Normalization Equation
The rectangular system of linear equations derived from the scaling equations and moment equations for the improper connection coe cients is homogeneous, and hence require a nonhomogeneous equation to \normalize" the solution 6].
The rectangular system of equations described above for the proper connection coe cients is already nonhomogeneous; however, the matrix may still be rankde cient. We now derive the normalization equation for the proper connection coe cients, and include it in the system of equations. We conjecture (and our tests indicate) that the rectangular system of equations containing the scaling equations, the moment equations and the normalization equation is of full rank, and therefore the nonhomogeneous linear system has a unique solution.
we have the identity: Since the multiresolution wavelet basis f m;k g is de ned in terms of the scale function, the proper connection coe cients derived here can also be used for multiresolution analysis. Speci cally, if the multiresolution wavelet basis is used in a Galerkin formulation for the solution of PDEs, the necessary wavelet connection coe cients can be computed directly from the proper connection coe cients given here.
Results
In this section, we demonstrate the applicability of proper connection coe cients by solving a simple one-dimensional di erential equation If the test functions and the basis functions coincide (the choice for Galerkin test functions), the linear system will have a square coe cient matrix.
One approach to imposing Dirichlet boundary conditions in a Galerkin formulation is to replace two of the rows in (4.3) with the two linear equations derived from the two boundary conditions, preserving a square coe cient matrix. An alternative, and the approach we chose, is to append the two boundary equations to the matrix, and solve the resulting rectangular system.
Our test problem is u xx = ?4 2 sin(2 x); u(0) = 1; u(1) = 2 whose exact solution is u = sin(2 x)+x+1. We have demonstrated a technique for deriving a linear system whose solution is the set of proper connection coe cients needed to compute the natural inner product on bounded intervals. The ability to compute proper connection coe cients provides a natural mechanism for imposing boundary conditions. We exhibited a simple one-dimensional test problem that illustrates the use of proper connection coe cients for PDE's on bounded domains with Dirichlet boundary conditions. We showed that convergence of the solution using Daubechies D6 basis functions was cubic with increasing resolution.
The wavelet-Galerkin approach for solving PDEs has su ered from the inability to properly set PDE problems on bounded domains and to impose boundary conditions in a straightforward way. We have shown that this drawback can be eliminated when the proper connection coe cients can be computed. Moreover, these proper connection coe cients can also be used to compute the proper wavelet connection coe cients arising from a multiresolution analysis of PDEs.
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A. Tables of Proper Connection
i (x) j (x) k (x)dx for N = 6
